ABSTRACT. We describe a Macaulay2 package which computes versal deformations of matrix factorisations, or equivalently maximal Cohen-Macaulay modules on hypersurfaces.
1. INTRODUCTION. We present here a Macaulay2 [M2] package, called ModuleDeformations, which computes versal deformations of matrix factorisations of polynomials. We begin with some notation and definitions. Definition 1.1. Let S be a regular ring and f ∈ S a regular element. A matrix factorisation of f is a pair (A, B) of square matrices of the same size over S such that AB = f · I = BA, where I is the identity matrix of the same dimension.
Matrix factorisations of f are equivalent to maximal Cohen-Macaulay (MCM) modules on the hypersurface defined by f : given a matrix factorisation (A, B) of f , the cokernel of A is an MCM module over S/( f ), and all MCM modules over S/( f ) arise in this way; see [E] .
For the course of this paper, we work with germs of varieties whose distinguished point is denoted by 0. All morphisms X → Y map 0 ∈ X to 0 ∈ Y . Our package represents a germ as the coordinate ring of an affine variety of which the germ is the localisation (or completion) at the ideal generated by the variables of the representing ring. It is an error if that ideal is not prime (e.g., if it is in fact the whole ring). With this in mind, we now define deformations of MCM modules. Definition 1.2. Let X be a germ of a hypersurface and M 0 a maximal Cohen-Macaulay module over X. Let Y → Σ be a flat map of germs whose fibre over 0 ∈ Σ is isomorphic to X. A deformation of M 0 in the deformation theory of Y → Σ is a pair (S, M ) with S a germ of a variety equipped with a map S → Σ and M a module over S × Σ Y , flat over S, whose restriction to 0 × Σ X ⊆ S × Σ Y is isomorphic to M 0 . In the sequel, we will supress from our notation the map Y → Σ when it is understood from context, referring simply to a deformation of M 0 .
A deformation (T, M ) is induced from (S, M ) if there exists a map φ : T → S commuting with the maps T → Σ and S → Σ and such that
There are two cases which we discuss. In the absolute case, Σ is a reduced point, and the module M 0 is deformed over Y only. In the relative case, Σ is the base space of a nontrivial deformation of X and Y is the total space of the deformation. In this case, M 0 is deformed also along the given deformation of X.
ModuleDeformations is an implementation of the Massey Product Algorithm for constructing versal deformations of maximal Cohen-Macaulay modules over hypersurfaces. The algorithm is described 7 in the absolute case in [S] and in general in [H] . The implementation has been designed to take advantage of graded structure whenever possible. If the input is quasihomogeneous, then the output will be too, and the computation may run much more efficiently.
Below, we present three examples of the use of ModuleDeformations: one example in the absolute case, one simple example in the relative case, and one more complicated example in the relative case. We now deform the module. The output is a pair (O S , M), where S is the base space of the deformation and M is a module defined over the ambient space of S × Y whose restriction to S × Y is the deformation module. The procedure does not substitute the module M to the ring of S ×Y because the resulting computation of a Gröbner basis of the defining ideal of O S×Y is in certain cases too expensive.
i3 : (OS,M) = deformMCMModule module ideal (x,y);
We may compare the presentation matrix of M with that of the original module. We see that the latter is obtained from the former by setting the deformation parameters ξ 1 and ξ 2 to 0, as expected.
The maximal ideal has the same deformation theory as the residue field (see [H, §4.5] ). Thus the base space S of its semiuniversal deformation is just the Hilbert scheme of one point, which is isomorphic to the original singularity Y . The substitution ξ 1 → y, ξ 2 → x in the above output demonstrates this. The module is isomorphic to the defining ideal of the diagonal embedding of Y into Y × S ∼ = Y ×Y . We then construct the ring O X as the coordinate ring of the fibre over 0 of the map Y → Σ. Over O X we will construct the module M 0 to be deformed. As modules overR, N(R) is isomorphic to the conductor ideal (a 2 3 , a 3 a 4 , a 2 4 ) = (a 3 , a 4 ) 2 of the normalisation map. Thus we construct and deform the module:
We may then investigate S: There are six parameters ξ 1 , . . . , ξ 6 with degrees deg ξ 1 = 5, deg ξ 2 = 4 = deg ξ 3 , deg ξ 4 = 3 = deg ξ 5 , and deg ξ 6 = 2. The base space is a complete intersection of dimension 4 in a seven-dimensional ambient space. Setting a 2 to 0 in the above output recovers a versal deformation of the normalisation ofR in the absolute case. Such a deformation is among those constructed in [S] , and indeed the results therein may be recovered using this Macaulay2 module. A direct comparison requires applying to the base space of the deformation a change of variables which can be done by (somewhat tedious) inspection.
